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ABSTRACT 

This paper reviews the existing characteristic constitutive laws for compression 

confined concrete subjected to cyclic loading. Some of the models are based on the 

experimental tests while some are based on the analytical investigation. Stress-strain 

models are defined by considering some components such as envelope curve, 

unloading and reloading curves.  

Keywords: confined concrete, constitutive law, unloading, reloading, cyclic 

loading. 

1. INTRODUCTION 

The knowledge of stress-strain behavior and fracture mechanism of concrete constituents is 

required to forecast how concrete acts under various types of loads (Washa, 1950). 

Examining the stress-strain diagram of reinforced concrete (RC) elements subjected to 

compression make it conceivable to determine the properties of RC members such as strength 

and ductility (Chen, 2013). This knowledge can only be obtained through testing and 

monitoring so that the performance can be studied and new theories can be introduced 

(Washa, 1950).  

Recently, the introduction of many understandable and more complex models under 

numerous stress states to explain the behavior of concrete has been on the increased. 

However, most of these developed models have larger theoretical significance than practical 

importance but they solely explain some selected parts of concrete behavior and their 

application is limited to the basic pragmatic application. Aslani and Jowkarmeimandi (2012). 

Sadeghi (1994, 1995, 2001, 2014, 2017a) produced a finite element model to eliminate the 

issue attributed to scale impact named "Biaxial Bending Column Simulation" where the 

column models were assessed based on the practical and simulated test. Along these lines, the 

presented nonlinear laws for stress-strain regarding confined concrete subjected to load of 

cyclic nature was changed and approved. 

In a research conducted by Konstantinidis et al. (2004), an analytical model was developed 

for the case when a cyclic load is applied to a concrete and it is found out that what is more 

significant is the precise description of envelope curve instead of the pattern of reloading and 

unloading branches. Verification of this can be seen from the stress-strain graph of a cubic 

sample having a strength of 57 MPa under frequent uniaxial compression, along with the 

stress-strain diagram of the same sample subjected to increasing monotonic compressive 

load. In addition, it can be observed that the curve of the stress-strain diagram of a high 

strength concrete subjected to cyclic loading meets the stress-strain curve of a monotonic 

loading. A study by Karsan and Jirsa (1969) reported a similar outcome for concrete of 

normal strength. Other criteria that need to be considered are the increase in the plastic strain 

of concrete along with the impact of confinement because of transverse reinforcement.  
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In this paper main concepts of the proposed constitutive laws for confined and unconfined 

concretes are submitted. For more information and the formulas and the details as well as the 

application of these laws, the readers are referred to the reference list given at the end of this 

manuscript. 

 

2. EXISTING CHARACTERISTIC MODELS FOR CYCLIC LOADING 

Descriptions of the findings of the researchers are reviewed. There are some phases on 

concrete constitutive law subjected to cyclic loading named; envelope curve, unloading and 

reloading curve. 

 

2.1 Models of Sadeghi and Nouban 

The following constitutive law is proposed to simulate numerically the behavior of confined 

concrete elements discrete within the sections of RC members. 

2.1.1 Constitutive law for confined concrete subjected to cyclic loading 

2.1.1.1. Stress-strain curves for confined and unconfined concretes subjected to monotonic loading 

The stress for the loading case can be found by using the envelope curve in the cases of 

confined and unconfined concretes. 
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Figure 1.  Stress-strain curves for confined and unconfined concretes subjected to monotonic loading 

(Envelope curve for cyclic loading cases) 

2.1.1.2. Unloading curve 

As shown in Figures 2 to 4, unloading may occur either from the envelope curve or from a 

phase of reloading. In both cases, the equation (1) gives the stress-strain curve for unloading.  

σ = [AU (
ε

εc0
)

3

+  BU (
ε

εc0
)

2

+ CU (
ε

εc0
) + DU]fcc

′      (1) 

The four unknown factors AU, BU, CU, and DU can be found by applying the coordinates and 

slopes of two extreme points on the unloading curve. 

a) Unloading from the envelope curve 

In the case of unloading from the envelope curve as illustrated in Figure 2, to find the 

unknown factors AU, BU, CU and DU, the coordinates and slopes at points A(εA, σA) and B(εp, 

0) are used.  
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Figure 2.  Illustration of an unloading case from the envelope curve. 

 

b) Unloading from a phase of reloading case 

In the unloading case from a phase of reloading, depending on the coordinates of unloading 

point (C or D) comparing with the coordinates of point A(εA, σA), different moduli are used 

as given below and as shown in Figures 3 and 4. 

b1) Unloading from a point C where εC < εA 

 Point C(εC, σC): 

The value of unloading tangent modulus (EUC) at point C is obtained by linear interpolation 

between the modulus EU0 at point A and EU at point B. 

 

Figure 3.  Unloading case from a point C on reloading curve where εC < εA. 

 

b2) Unloading from a point D where  εD > εA 

For the path shown in Figure 4, the two points D and E that the curve DE passes through 

them are determined as follows: 

 Point D( εD, σD): 

The value of the unloading tangent modulus (EUD) at point D is obtained by linear 

interpolation between the modulus EU0 at point F and EU at point E. The point F is defined as 

the intersection of the line of slope 1.5Ec0.45 passing from point D with the envelope curve. 

By applying the coordinates of point F instead of the coordinates of point A, equation (2) 

allows the determination of the unloading modulus at point F. 
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Figure 4.  Unloading case from a point D on the reloading curve where εD > εA. 

2.1.1.3. Reloading curve 

Equation (2) is used for the reloading curve: 

 σ = [AR (
ε

εc0
)

3

+  BR (
ε

εc0
)

2

+ CR (
ε

εc0
) + DR]fcc

′     (2) 

The four unknown factors AR, BR, CR, and DR are found by applying the coordinates and 

slopes of the two extreme points of the reloading curve. 

As shown in Figures 5 and 6, reloading from zero stress and reloading from an unloading 

path are considered in two different cases as follows: 

a) Reloading case from a zero-stress status (plastic residual strain) 

For the path BG shown in Figure 5, the two points B and G that the curve BG passes through 

them are determined as follows: 

Point B(( εr, 0): 

The coordinates of point B have been determined in the previous steps. 

The modulus ER0 is the tangent modulus on the envelope curve at point G. 

 

Figure 5.  Reloading case from a point of zero stress 

 

Reloading case from an unloading path 

For the trajectory HI shown in Figure 6, the coordinates and slopes of the two points H and I 

at the starting and finishing points of the curve HI are determined as follows: 

Point H( εH, σH): 

The coordinates of point H have been determined in the previous step. 
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Figure 6.  Reloading case from a point on the unloading path.  

2.2 Models of Karsan and Jirsa 

A research was carried by Karsan and Jirsa (1969) to research the concrete behave subjected 

to compressive cyclic loadings. 

 
Figure 7. Stress-strain diagram of cyclically loaded concrete (Karsan and Jirsa, 1969) 

 

Envelope Curve 

� = 0.85𝑓𝑐
𝜀

𝜀𝑐𝑐𝑙
𝑒

(1−
𝜀

𝜀𝑐𝑐𝑙
)
       (3) 

Unloading Curve 

� = 𝑓𝑐 [0.093 (
𝜀𝑢𝑛

𝜀𝑐𝑐𝑙
)

2

+ 0.091 (
𝜀𝑢𝑛

𝜀𝑐𝑐𝑙
)]      (4) 

Reloading Curve 

� = 𝑓𝑐 [0.145 (
𝜀𝑢𝑛

𝜀𝑐𝑐𝑙
)

2

+ 0.13 (
𝜀𝑢𝑛

𝜀𝑐𝑐𝑙
)]      (5) 

For the definition of the symbols, please refer to the notation Section at the end of this paper. 

The details of these formulas are given in the references: (Karsan and Jirsa, 1969); (Aslani 

and Jowkarmeimandi 2012) and the application of these formulas are given in the references: 

(Zhang et al., 2018); (Konstantinidis et al., 2004); (Youssef and Moftah, 2007). 
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2.3 Models of Martinez-Rueda 

 
Figure 8. Stress-strain diagram of concrete subjected to cyclic loading (Martinez-Rueda, 1997) 

Martinez-Rueda (1997) did some modifications to Mander's et al. (1989) model on the fact 

that the experienced absence of numerical balance of Mander’s model for huge 

displacements, that results to convergence issues if which caused joining issues when 

executed into a non-straight program following a fiber component approach. In addition, the 

plastic strain of low, halfway and the high strain was modified and taking into account the 

relieving of concrete as strain advances. The strains greater than εun was converted to a line 

that falls in between the strong point and point of return. To make up for the absence of a 

steady change between the branches of reloading and the envelope, the average value was 

given to returning strain between εnew and ε’re, which is gotten utilizing the experimental 

equation of Karsan and Jirsa (1969). 

Envelope Curve 

� =
𝑓′𝑐𝑐𝑥𝑟

𝑟−1+𝑥𝑟         (6) 

Where: 

𝑥 =
𝜀𝑐

𝜀𝑐𝑐𝑙
         (7) 

𝑟 =
𝐸𝑐

𝐸𝑐−𝐸𝑐𝑙
         (8) 

Reloading curve 

�𝑛𝑒𝑤 =
0.9𝑓𝑐𝑐

𝜀𝑐
0.9𝜀𝑐𝑐

𝑟

𝑟−1+𝑥𝑟
        (9) 

Unloading Curve 

� = �𝑢𝑛 (
𝜀−𝜀𝑝𝑙

𝜀𝑢𝑛−𝜀𝑝𝑙
)

2

        (10) 

Reloading Curve 

First branch: � = �𝑟𝑜 + 𝐸𝑟(𝜀 − 𝜀𝑟𝑜)     (11) 

Second branch: � = �𝑛𝑒𝑤 + 𝐸𝑟𝑒(𝜀 − 𝜀𝑟𝑒)     (12) 

�𝑐𝑟 =
2.5𝑓𝑐𝑐𝑟

𝑟−1+2.5𝑟         (13) 

For the definition of the symbols, please refer to the notation Section at the end of this paper. 
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The details of these formulas are given in the reference: (Martinez-Rueda, 1997) and the 

application of these formulas are given in the references: (Martinez-Rueda, 1997); 

(Konstantinidis et al., 2004). 

2.4 Models of Mander et al.  

Mander et al. (1989) proposed a technique that was utilized to show how both confined and 

unconfined concretes behave. A unified model for confined concrete subjected to cyclic and 

monotonic compressive loading. This model is a streamlined variant of the Karsan and Jirsa 

model shows that design the capacity of concrete to convey about tensile stresses. A stress-

strain relationship is constructed using a single equation developed by the model. Due to its 

generalization, research and design have been presently adopted extensively by this approach. 

An equation by Popovics (1973) gives the envelope curve incorporating the impact of 

confinement. The unloading branches connect the point C (strain reversal point) to point of 

full reversal i.e. point D having zero slope. Reloading occurs on two branches. Strains lesser 

than highest strain observed a line was inserted amid point of reloading (point G) and the 

descending point of strength (point E). Strain bigger than maximum strain joins the degrading 

point of strength (point E) with a parabolic curve to the point of returning (point F) along the 

envelope. There is a varying equation of inelastic strain when the highest strain observed is 

altered, this occurs on the second reloading branch or the envelope. 

Envelope Curve 

� =
𝑓′𝑐𝑐𝑥𝑟

𝑟−1+𝑥𝑟         (14) 

Where: 

𝑥 =
𝜀𝑐

𝜀𝑐𝑐
          (15) 

𝑟 =
𝐸𝑐

𝐸𝑐−𝐸𝑐𝑙
         (16) 

Reloading curve 

�𝑛𝑒𝑤 = 0.92�𝑢𝑛 + 0.08�𝑟𝑜       (17) 

Unloading Curve 

� = �𝑢𝑛 −
𝜎𝑢𝑛(

𝜀−𝜀𝑢𝑛
𝜀𝑝𝑙+𝜀𝑢𝑛

)
𝑏𝑐𝐸𝑐

𝑏𝑐𝐸𝑐−𝐸𝑐𝑙

𝑏𝑐𝐸𝑐
𝑏𝑐𝐸𝑐−𝐸𝑐𝑙

−1+(
𝜀−𝜀𝑢𝑛

𝜀𝑝𝑙+𝜀𝑢𝑛
)

𝑏𝑐𝐸𝑐
𝑏𝑐𝐸𝑐−𝐸𝑐𝑙

     (18) 

Unloading and Reloading Curve 

First branch:  � = �𝑟𝑜 + 𝐸𝑟(𝜀 − 𝜀𝑟𝑜)    (19) 

Second branch: � = �𝑟𝑒 + 𝐸𝑟(𝜀 − 𝜀𝑟𝑒) + 𝐴(𝜀 − 𝜀𝑟𝑒)2  (20) 

 

For the definition of the symbols, please refer to the notation Section at the end of this paper. 

The details of these formulas are given in the references: (Mander et al., 1989); (Karsan and 

Jirsa, 1969); (Popovics 1973); (Aslani and Jowkarmeimandi 2012) and the application of 

these formulas are given in the references: (Youssef and Moftah, 2007); (Konstantinidis et 

al., 2004). 
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2.5 Models of Lam and Teng 

Lam et al. (2006) did cyclic compressive unloading tests with 3 repeated cycles and they 

utilized the unloading history impact on the stress-strain curve. 

Envelope Curve:  

�𝐶 = 𝐸𝑐𝜀𝑐 −
(𝐸𝑐−𝐸2)2

4𝑓𝑐𝑜
, 𝜀𝑐

2     𝑓𝑜𝑟 0 ≤ 𝜀𝑐 ≤ 𝜀𝑡        (21) 

�𝐶 = 𝑓𝑐𝑜
, + 𝐸2𝜀𝑐     𝑓𝑜𝑟 𝜀𝑡 ≤ 𝜀𝑐 ≤ 𝜀𝑐𝑢           (22) 

Unloading Curve: 

�𝑐 = 𝑎𝜀𝑐
𝜂

+ 𝑏𝜀𝑐 + 𝑐                       (23) 

With 

a=
𝜎𝑢𝑛−𝐸𝑢𝑛,0(𝜀𝑢𝑛−𝜀𝑝𝑙)

𝜀𝑢𝑛
𝜂

−𝜀𝑝𝑙
𝜂

−𝜂𝜀𝑝𝑙
𝜂−1

(𝜀𝑢𝑛−𝜀𝑝𝑙)
                                                                                   (24)      

𝑏 = 𝐸𝑢𝑛,0 − 𝜂𝜀𝑝𝑙
𝜂−1

𝑎                                                                                        (25) 

𝑐 = −𝑎𝜀𝑝𝑙
𝜂

− 𝑏𝜀𝑝𝑙                                                                                            (26) 

Where: 

η = 350εun + 3                                                                                              (27) 

𝐸𝑢𝑛,0 = min {

0.5𝑓𝑐′
𝑐𝑜

𝜀𝑢𝑛
𝜎𝑢𝑛

ε𝑢𝑛−𝜀𝑝𝑙

                                                                                      (28) 

 

Figure 9. Key parameters of cyclic stress-strain curves of FRP-confined concrete. (Lam and Teng, 

2006) 

Reloading Curve 

The reloading curve consists of linear and parabolic portions. The first one covers from the 

reloading strain to initial unloading strain and the second one covers from the initial 

unloading strain to envelop curve.  

The linear part is described as below: 
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�𝑐 = �𝑟𝑒 + 𝐸𝑟𝑒(𝜀𝑐 − 𝜀𝑟𝑒)          (𝜀𝑟𝑒 ≤ 𝜀𝑐 ≤ 𝜀𝑟𝑒𝑓)                           (29) 

Where: 

𝐸𝑟𝑒 =
𝜎𝑛𝑒𝑤−𝜎𝑟𝑒

𝜀𝑟𝑒𝑓−𝜀𝑟𝑒
                (𝜀𝑟𝑒 ≤ 𝜀𝑐 ≤ 𝜀𝑟𝑒𝑓)                                   (30) 

The parabolic portion is expressed as follows: 

�𝑐 = 𝐴𝜀𝑐
2 + 𝐵𝜀𝑐 + 𝐶         (𝜀𝑟𝑒 ≤ 𝜀𝑐 ≤ 𝜀𝑟𝑒𝑡,𝑒𝑛𝑣)                 (31) 

where A, B, and C are constants to be resolved. Once An is characterized, constants B and C 

are given by the accompanying articulations: 

𝐵 = 𝐸𝑟𝑒 − 2𝐴𝜀𝑟𝑒𝑓                                                                                      (32) 

𝐶 = �𝑛𝑒𝑤 − 𝐴𝜀𝑟𝑒𝑓
2 − 𝐵𝜀𝑟𝑓                                                                           (33) 

The plastic strains obtained from the test are presented in comparison with the Lam and Teng 

model (Lam and Teng, 2006). It is apparent that the plastic strains predicted by Lam and 

Teng model are overestimated. 

2.6 Models of Yankelevsky and Reinhardt 

The phenomenological model proposed by Yankelevsky and Reinhardt (1987), shown in 

Figure 10, describes the unloading and reloading branches, which are submitted as piece-wise 

linear, while the envelope is assumed to be given. The concept of the model was based on the 

observable evidence that unloading from the envelope curve exhibits rather high stiffness at 

low strain reversals, then softens sharply with further unloading.  

 

Figure 10. Yankelevsky and Reinhardt model (1987) 

 

Envelope curve: 

σ = fc [
2ε

εc1
− (

ε

εc1
) ]                0 ≤ ε ≤ εcc1      (34) 

σ = fc [1 −
0.5

ε0.50fc−εc1
(ε − εc1) ]              ε ≥ εcc1      (35) 

Unloading Branch: 

For  0 ≤ ε ≤ εcc1  a straight line with slope Ec 
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For  ε ≥ εcc1   

The first branch is straight line vertical to the strain axis 

The second branch is a straight line with slope 0.50EcFc  

Reloading Branch: 

For 0 ≤ ε ≤ εcc1 a straight line with slope Ec 

For  ε ≥ εcc1 a straight line with slope EcFc 

3. CONCLUSION 

In this article six models of Stress-strain for cyclic loading have been reviewed. Some of the 

models are not entirely original but modified from previous models taking into account some 

new parameters. So far, these models have been validated experimentally and analytically.  

NOTATIONS 

𝐸𝑐:  Tangent elasticity modulus of concrete 

𝐸𝑠𝑒𝑐:  Secant elasticity modulus of concrete 

n:  Material criterion based on the shape of the stress-strain curve 

𝜀𝑐:  Longitudinal compressive concrete strain 

𝜀′𝑐 :  Tensile strain  

𝜀𝑝𝑙:  Plastic strain 

𝜀𝑟𝑜:  Reloading concrete strain 

𝜀𝑢𝑛:  Unloading concrete strain 

�𝑐:  General concrete stress 

�𝑓:  Crack closure stress 

�𝑛𝑒𝑤:  Deteriorated concrete stress 

�𝑟𝑜:  Initial concrete stress on reloading branch 

�𝑢𝑛:  Reversal envelope stress 

𝑓′𝑐:  Compressive strength of concrete 

𝑓′𝑐𝑐:  Confine concrete compressive strength 

𝜀𝑐𝑐:  Compressive strain of longitudinal confined concrete 

𝜀𝑐:  Longitudinal compressive concrete strain 

𝑓′𝑐𝑜:  Compressive strength of unconfined concrete 

𝜀𝑐𝑜:  Compressive strain of unconfined concrete 
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